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Chapter 1 
Introduction 
A link is a disjoint union of circles embedded in 83， a knot is a link with 
one∞mponent and a tαηgle is a l-manifold properly embedded in a 3-ball. 
Throughout this paper， alli凶ωareoriented. The alternαtion number of a 
link L， denoted by alt(L)， isthe minimal number of crossing changωneeded 
to deform L into an alternating link， which measures the distance from the 
alternating links組 dwas introduced by A. Kawa吋lI[29]. Kawauchi gives 
a lower bound for the alternation number of a link by using a variant of 
the Nakanishi index， and showed the existence of a hyperbolic link with 
alternation number n by using the lower bound and the imitation theory for 
eachp倒的凶egerη[29].
In Chapter 2， we give a lower bound for the alternation number of a knot. 
More precisely， we show that the difference of the Rasmussen s-invariant [54] 
and the negative signature of a knot， denoted by -σ， gives a lower bound 
for the alternation number of a knot. 
Theorem 2.4. We hαve 
18(K) -; -u(K)) の|三;叫t(K)
、???
，
?
?
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forαny knot K. 
We note that the value 
I~(K) 一(ーσ(K))
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おaninteg'ぽ sincethe va.1ues s(K) and -σ(K) are even integers. 
Th成立em2.4 is based on the two facts. One is that the Rasmussen s骨
invariant a.nd the negative signature of a knot have the same value on al 
alternating knots [541. This implies that a knot K is not alternating if 
s(K) f-σ(K). 
Note that S. Baader [可 alsoused this fact o construct some non-alternaitng 
knots. The other is the following [54J: 
o < s(K+) -s(K_) < 2， 
0三一σ(K+)-(-σ(K_)三2，
where K + and K _ are knots which differ by one crossing change from a 
p侃 itivecrossing in K + to a negative one in K _ . 
In Chapter 3， we study the alternation number of a torus knot. Through-
out this paper， we鎚sumep and q are coprime integers such that 2 < pく q.
Wedenote by九qthe (p， q)-torus knot. Our main resultおthatwe determine 
the torus knots with alternation number one. 
Th制定em3.6. We obtαtn the followings. 
(1) alt(九q)= 0や今 p= 2.
(2) alt(1ん)= 1位=*(p， q)= (3，4) ar (3，5). 
(3) alt(1ん)と2や功。therwise.
Furthermore we obtain that many torus knots are indeed “far"合omthe 
alternating knots. 
Theorem 3.7. F01・eachposttive integer n， ther芭 αistsa pos1，ttve integer N 
such that for al p > N， we have n三alt(九，q). 
Th釘eis a sillUlar numerica.l invariant， the d必eαalternマ'aωtingrηBωumπmゆb伽
i鼠sthe mi凶n凶imalnumber of cωros鈎s剖iIn略E沼gcha釦nge偲sneeded to change a diagram of 
a link into an a1ternating diagram [4J (see a.lso [5]， p. 144). The minimum 
旭takenover aJ1 pωsible diagrams of the link. Note that we do not permit 
四回gany type of Reidemeister moves凶 thedefinition of the dealternating 
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number. We denoもethe dealternating number of a link L by dalt(L). Then 
we have 
剖t(L)三dalt(L) (1.2) 
for any li出 L.We note that the alternation number and the dealternat-
ing number are di狂erentinvariants. Indeed Proposition 2.8 shows there are 
infinitely m組 Yknots K such that 
alt(K) < dalt(K). 
An almost αlternαting link is a li出 withdealternating number one. As組
application of Theorem 3.6， we obtain 
Corollary 3.8 ([1]). The almost alternating to問 sknots αre just T3，4 and 
九5・
This corollary gives組組rmativeanswer for a co吋ecturein [4] (see also 
[51， p.142). The aut~or has subsequently learned that M. Stosie [58] has a 
di鉦erentproof of corollary 3.8. 
In Chapter 4， we recall an upper bound for the dealternating number of 
a positve closed与braid(Lemma 4.1). As an application， we determine the 
dealternating numbers and the alternation numbers of some closed positive 
~braid knots 鉛 follows.
Theorem 4.4. Let s be a 3-braid 01 the 101m 
s2n rrσ?・4・
1=1 
such thαt s isαknot， n三oand P.， qi~三 2 lor i = 1，2， • • • ，r. Then ωehαve 
alt(β) = dalt(β)=n+r-1. 
Notations used in the above theorem is explained in Chapter 4. 
In Chapter 5， we show that Montesinos links are alternating or almost 
alternating [4] (see also [2]). ln Chapter 6， we study the Turaev genus of a 
knot， which也relatedto the alternation number of a knot. 
NotatioD. For a knot K， we denote by g(K) its genus， by g.(K) its four ball 
genU8. We denote by Con(S3) the knot concordωce group. For a diagram 
D， we denoωby c(D) is the crossing number of D制 byo(D) the number 
of Seifert circles of D. 
4 
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Chapter 2 
Lower bound for the 
alternation number of a knot 
In this section， we define the L-property for a Z-valued knot invariant and 
give a Iower bound for the alternation number of a knot. 
A Z-valued knot invariant νhωthe L-prψerty if 1 satisfies the following 
∞nditions (i)一(泌):
i. the map 1 inducωa homomorphism from Con( 83) to Z， 
益.for any knot K， we have III(K)1三g.(K)，
泌.ν(九3)= 1.
The following theorem回開senti必lydue to C. Livingston. 
Lemma 2.1. Let 1 and v' be Z-valued knot lnvananお whichhave the L-
yrope付y.If v(L) =〆(L)forαI alternαting knots L， thenωe have 
|ν(K)一〆(K)I三叫t(K)
f例 .any Jmot K. 
Proof.似 Iv(K)一〆(K)I=π. The cωen=O泊trivial.We consider the 
儲 sen > O. By the proof of Corollary 3 in [36]， we have 
0壬ν(K+)ー ν(K_)三1， (2.1) 
6 
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0三〆(K+)ー〆(K_)< 1. (2.2) 
Let K1 be a knot obtained仕omK by one crossing change. By equalities 
(2.1) and (2.2)， we have 
I (ν(K)ー〆(K))一(ν(K1)一〆(K1)j< 1.
By using the triangle inequality， we have 
Ilv(K)一〆(K)I一|ν(K1)一〆(K1)1< 1. (2.3) 
Let Kn-l be a knot obtained from K by n -1 crossing changes. By the 
equality (2.3)， we have 1ノ(Kn-l)-〆(Kn-1)1ど1.Then Kn-l isnot alter-
nating because if Kn-l is alternating， we have 1ノ(Kn-d- 〆(K~ト1)1 = 0 by 
the hypothesis. This implies that we need， atleast， n crossing changes to 
deform K into an alternating knot. ロ
2.1 Knot invariants 
We recall some knot invariants仕omthe viewpoint of the L-property， and 
give a proof of Corollary 2.4. 
It is well known that the neg侃ivehalf of the signature一σ/2has the 
L-property [28). 
Lemma 2.2 ([52]， [54]). The follo切ngknot invαmnお hωethe L-property. 
i. The hαI 01 the RαSTrMAssens-tnuα門ant.
i. The OzsvatんSzαbor-invariαnt. 
It is also well known that the Rasmussen s-invariant of the (p， q)-torus 
knot is the following: 
s(九，q)= (p -1)(q -1). (2.4) 
The equality (2.4) and the condition (i) of theレpropertyforもheRas-
mussen s-invariant give a simple proof of the Milnor conjecture which states 
the unknotting number of the (p， q)-torus knot is (p -1)(q -1)/2 which was 
first proved by P. Kronheimer and T. Mrowka吋aDonaldson theory [3斗
The invariants s，σandrぽeclosely related: 
司ら
‘ 
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L釘 nma2.3 ([50]， [54]). ForαI alternating knots K， ωe have 
8(K)/2 =一σ(K)/2=ァ(K).
Theorem 2.4. We have 
s(K)一(ー σ(K)
2lf5dt(K) (2.5) 
forαny knot K. 
Proof. By Lemmas 2.2 and 2.3， the pair s(K)/2 and -a(K)/2 satisfies the 
総sumptionof Lemma 2.1.口
Remark 2.5. The pairs (8/2， r)and (ァ，-σ/2)also satis今theぉsumptionof 
Theorem 2.1. 
2.2 Applications 
. 
ln this section， we study the table of knots up to 11 crossings， and give some 
applications of Theorem 2.4. 
We first study the table of knots up to 11 crossings. 
Proposition 2.6. Let K be αknot up to 11 crossings. Then ωehαve 
alt(K)三1.
Proof. All knots K up to 11 crossings are alternating or almost alternating 
expect lln9s and 11n118 (see [5] or [20]). This implies alt(K)ざ 1for the 
knots K. Figures 1 and 2 implyもhatalt(11n9s) = 1 and alt(11n1l8) = 1.
There are 22 knots K such that s(K)ヂ σー(K)up to 11 crossings [54]. 
Table 2.1 is the list of the 22 knots. The following is a simple application of 
Theorem 2.4. 
8 
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Figure 2.1: alt(11n9s) = 1 
て口〉
一一炉 一一ー ー今
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Figure 2.2: alt(11nω =1 
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、Proposition 2.7. We hαve 
alt(ず942)= dalt( #n942) =η， 
ω'here #n942 is the connected sum 01 n copies 0/942・
Proof It isωY to see that dalt(#π942)三η 仕omthe diagram of #η942. On 
the other hand， we have Is(942) -(一σ(942))1 = 2. Due to the condition (i) 
of the L-property for s/2 and -σ/2， we have Is( #π942) -(σ(-#n942)1 = 
2n. This implies n三alt(#n942) by Corollary 2.4. Therefore we have n三
alt( #n942) < dalt( #n9位)<n. 
口
Let D+(L， t) be a t-twisted positive Whitehead double of a knot L. 
Proposition 2.8. Thereαre infin'l，tely many knots K such that 
alt(K) = 1απd dalt(K) > 1 . 
• 
Proof. Suppose that L is a non-trivial knot. Then the llDknotting num-
ber of D+(L， t)包one，ωdso D+(L， t) is prime [28]. Since a prime satel-
lite knot is not alternating [40]， D+(L， t) is not alternating. Thus we have 
alt(D+(L， t)= 1. Ne札 sincea prime satellite knot is not almost alter-
nating [4]， we have dalt(D+(L， t)> 1. If L' and L" are not equivalent， 
then D+{Dソ)and D+(L勺)are not equivalent [5]， andもhusthe proof is 
compete. 口
Remark 2.9. M. Hedden and P. Ording [23] showed s(D+(九，5，5))/2= 1 and 
r(D+{Tz，5' 5)) = O.By this fact and Remark 2.5， we have 
alt(#nD+(T2，5' 5)) =η. 
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Chapter 3 
The alternation number of a 
torus knot 
3.1 Calculation of the signature of torus knots 
We denote by s(p， q) the Rasmu岱ens-invariant of the (p， q)-torus knot and 
by u(p， q) the negative signature of the (p， q)-torus knot. This notation is the 
ぬmeas Murぉugi's([43]， p. 148). Under this notation， Corollarγ2.4 states 
Is加)プ加)1<叫t(九，q). (3.1) 
In thls section， we study the value s(p， q)一σ(p，q) to estimate alt(九q)and 
prove Propωition 3.5. We c釦 calculatethe signature of torus knots by using 
the following theorem: 
Theorem 3.1 ([22]). 
1. Let ωωsume q :;2p -1. Then ωehωe 
(a)ザpUαnodd integer，σ(p， q)+σ(2p -q， p)= J} -1， 
(b)ザpisαn even integeηa(p， q) +σ(2p -q， p)= p2 -2. 
I/. Let ωωsume 2p + 1 :;q. Then ωehαve 
(a)ザptsαn odd integer，σ(p， q)=σ(p， q -2p) + p2 -1， 
12 
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(b)ザpis an even integer，σ(p， q)=σ(p， q-2p) + p2. 
1/. We hαMσ(p， q)=σ(q，p) andσ(2， q)= q -1. 
We need the following three lemmas to prove Proposition 3.5. 
Lemma 3.2. We have 
J (p -l)(p + 3)/2 ザpおodd，
σ(p，p + 1)= <内，
p'l.j2 ザptsmen-
Proof. We prove by induction on p. 1t is eぉYto see that the lemma is true 
for the ca.se p = 2. Suppose that the lemma is true for the ωse p = n 
for a positive even integer n. We prove that the lemma is true for the case 
p = n + 1， n+ 2.By applying (1) in Theorem 5.1 to p =η+ 1 and q = n + 2， 
we have 
σ(n + 1，n + 2) +σ(η，n + 1) = (n + 1? -1. 
By the induction hypothesis， we have 
σ(n+1，n+2)+η2/2 = (n + 1? -1. 
Therefore， we have 
σ(π+ 1， n+ 2) = n(n + 4)/2. (3.2) 
Namely， 
σ(π+ 1，n+2) = ((η+1)-1)((η+ 1) + 3)/2. 
This implies that the lemma is true for the case p =π+ 1.By using (1) in 
Theorem 5.1， we have 
σ(π+ 2，η+3) +σ(η+ 1， n+ 2) = (n + 2)2 -2， 
by using the equality (3.2)， we have 
σ(n + 2， n+ 3) + n(n + 4)/2 = (n + 2)2 -2， 
therefore， 
σ(n+2，n+3) = (n+2)2/2. 
This implies that the lemma is true for the case p = n + 2. ロ
13 
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Lemma 3.3. Let p be an odd integer with p > 5. Thenωe have 
(3.3) 4(p -1)三σ(p，p+ 2)三p2-9. 
Proof. The lemma is true for the case p = 5 because the signature of TS，7 is 
16. Suppωe that the lemma is true for the case p = n with n三5.We first 
prove that the second inequality in (3.3) holds for the case p =η+ 2.By 
using (1)泊 Theorem5.1， we have 
(3.4) σ(π+ 2，n + 4) +σ(n，n+2)=(π+ 2)2 -1. 
By the induction hypothesis， we have 
a(n + 2，η+4)三(n+ 2)2 -1 -4(n -1) 
= n2+7 
< (π+ 2)2 -9. 
Th也impliesthat the second inequality in (3.3) holds for the case p = n + 2.
N飢 weprove that the first inequality in (3.3) holds for the cぉep = n+ 2.
By the equality (3め， we have 
σ(π+2，n+4) = (π+ 2? -1-σ(n，n+2). 
By the induction hypothesis， we have 
σ(n + 2， n+ 4)三(n+ 2)2 -1 -(n2 -9) 
= 4n+ 12 
> 4((n+2) -1). 
口Thls implies that the first inequa.lity in (3.3) holds for the case p = n + 2.
Lemma 3.4. Let ω suppose 1 ~ m and 1 < i ~ 2p -1，ωhere p and iαre 
ω'prime. Then ωe have 
s(p，2pm + i)= s(p， i)+ 2pm(p -1)， 
???
?
? ? ?
ザpis odd， 
ザpumen-
σ(p， i) + m(p2 -1) 
σ(p， i) + mp2 
14 
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Proof. It immediately follows from the equality (2.4)組 d(1) in Theorem 
5.1.口
Proposition 3.5. Let usωsume 3 < p. Then ωe have 
i. s(p， q)ー σ(p，q) = 0 <=今 (p，q) = (3，4) or (3，5). 
i. s(p， q)-σ(p， q)と4に:::}otherwise. 
Proof. Recall p and q are coprime integers such that 3 < p < q.We use this 
fact withouもmentioningexplicitly. There are two cases to be considered: 
We first consider Case 1. Set q = p + i， where 1 < i < p -1. This case is 
further divided into 1a: i = 1， 1b: i = 2 and p isodd， and 1c: 3 ~ i ~ p -1 
and 4 < p， where p and i are coprime. 
Case la. When p is odd， by Lemma 5.2 we have 
Cぉe1. q < 2p -1. 
Case 2. 2p + 1 < q.
s(p，p + 1)一σ(p，p+ 1)= (p -l)p -(p -1)(P + 3)/2 
= (p -1)(P -3)/2. 
H p = 3， then we ha.ve 
8(3，4)一σ(3，4)= O. 
If p ~ 5， then we have 
s(p，p+1)一σ(p，p+1)さ4.
Whenpおeven，by Lemma 5.2 we have 
s(p，p + 1)ー σ(p，p + 1)= (p -l)p -p2/2 
= p(p -2)/2と4.
Case lb. lf p = 3， then we have 
??
??
? ?
?
? ? ?
s(3，5)一σ(3，5)= O.
15 
??• 
• 
r 
• 
• 
4・t ~ . 
A 、Atイ3
?
?
?， ? ?? ?
、?
? ， ? ? ? ? ?
???
?
Hp三5，then by Lemma 5.3 we have 
s(p，p+ 2)一σ(p，p+2)三(p-1)(p+ 1)一(p2-9) = 8. 
case lc. By using (1) in Theorem 5.1， we have 
s(p，p + i)一σ(p，p + i)さ(p-1) (p + i -1)一(p2_ 1) 
さ(p-l)(p + 2)一(P2_ 1) = (p -1). 
H p = 4， then we have 
s(p，p + i)ー σ(p，p+ i)と3.
In fact， we have s(p， p + i)-a(p， p + i)さ4because the value s(p， p + i)一
σ(P， p + i) is an even integer. Ifp三5，then we have 
ーs(p，p+i)一σ(p，p+ i)と4.
Case 2. Set q = 2pm + i， where 1 :;m and 1三i< 2p -1. We note that p 
and i are∞prime. If p is odd， by Lemma 5.4 we have 
s(p， q)ー σ(p，q) = s(p， 2prn + i)ー σ(p，2prn + i)
= s(p，t)一σ(p，i) + m(2p(p -1)一(p2_ 1) 
= s(p， i)一σ(p，i) + m(p -1)2さ4.
lf p iseven， by Lemma 5.4 we have 
ロ
s(p，q)一σ(p，q) = s(p， i)一σ(p，i) + m(2p(p -1) _ p2) 
= s(p， i)一σ(p，i) + mp(p -2)三8.
Proofs of Theorems 3.6 and 3.7 
， 、 ， ?
????
3.2 
Thωrem 3.6. We obtain the followings. 
(1) alt(九fq)= 0仁今 p= 2. 
(2) alt(九ぷ=1や今 (p，q) = (3，4) ur (3，5). 
(3) alt(T"，q) ~ 2字今 ather切se.
16 
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Proof. The ωsertion (i) is a well known fact. We consider the c鎚epさ3.It 
is also well known that T3•4 and T3•S are not alternating and we can deform 
T3，4 and T3，s into an alternating knot by one crossing change (see also [24]). 
On the other hand， if3 < p and (p， q)チ(3，4)，(3，5)， we have 2三alt(九，q)
by the equality. (3.1) and Proposition 3.5. 口
Furthermore we obtain that many torus knots are indeed “far"仕omthe 
alternating knots. 
Theorem 3.7. For each posaive 1，nteger n Jthere eX1，sts a positive 1，nteger N 
such thαt for al p > NJωe have n < alt(九，q). 
口Proof. It eぉilyfol1ows from the proof of Proposition 4.3. 
Corollary 3.8. The almost alterna拘
Proof. It is well known that T3，4 and T3，5 are almost alternating [5]. Figure 
3.1 also indicates T3.4 and T3.5 are almost alternating. On the other hand， 
. if3 < p and (p， q)ヂ(3，4)，(3，5)， we have 2 < alt(九，q)< dalt(九q)by 
Theorem 3.6 and the equality (1.2). This implies that 7んisnot almost 
alternating. 口
Figure 3.1: Diagrams of T3，4 and T3，s 
??
/ 
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Further argument 3.3 
In thおsection，we furthermore study the lower bound for the alternation 
number of a torus knot. We have the following: 
Proposition 3.9. We have 
(mod 4). s(p， q)一σ(p，q)三 O
Proposition 3.9 impliω 
(mod 4) 2g(九，q)一σ(九，q)三 O
since we have s(p， q)= 2g.(九，q)= 2g(九q)[54]. Propωition 3.9 follows仕om
the following four lemmぉ.
Lemma 3.10. Let p and q be positive integers. If p and qαre odd， p三 l
(mod 4) and qおe附 t，or p is odd αnd q三 1(mod 4)， then ωe have 
s(p， q)三 O4・
Ifp三 3(mod 4)αnd q iseven， or p is odd αnd q三 3(mod 4)， thenωehαve 
s(p， q)三 2
口Proo f.It follows仕omthe equality (2.4). 
In Lemmω3.11組 d3.12， we do notぉsumep < q. 
Then ωe hαve Lemma 3.11. Let pαnd q be positive odd integers. 
(mod 4). σ(p， q)三 O
Proof The lemma is true for the case p = 1. Suppose that the lemma is 
true for the c鉛 ep = 1， 3， . ，n -2， where n -2 is a positive odd integer. 
We show thatσ(n， q)三o(mod 4) for any positive odd integer q. There are 
three c鎚 estoωnsider: 
C鎚 e1: qくn.
C鎚 e2:η く q~ 2p -1. 
? ?
18 
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Cぉe3: 2p + 1 < q. 
Case 1. By using (III) in Theorem 5.1 andもhehypothesis， we have 
σ(n， q)=σ(q， n)三 o(mod 4) 
Case 2. By using (1) in Theorem 5.1， we have 
σ(n， q) +σ(2n -q， n)=η2_1 
三o(mod 4). 
Since we have 2n -q <π， itfollows thatσ(2n -q， n)三 oby the hypothesis. 
Thおimplies
σ(n， q)三 o(mod 4). 
Case 3. Set q = 2nm +. i where 1 < m and 1三i< 2n -1. By using (1) in 
Theorem 5.1， we have 
σ(n， q)=σ(q -2n，n) +η2-1 
三 σ(q-2n， n)(mod 4) 
By using (1) in Theorem 5.1 repeatedly， we have 
σ(n， q)三 σ(i，n) (mod 4). 
Since we have i < 2n -1， by Cぉes1 and 2 we have 
σ(n， q)三o(mod 4). 
Th也completesthe proof. 
Lemma 3.12. Let p be αposit1，ve odd 1，ηteger，αnd qαpositive even integer. 
Then we have 
10 ザp三 1 (mod 4)， 
a{p， q)芸
12 ザp三 3 (mod 4). 
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Proof The lemma isもruefor the case p = 1. Suppose that the lemma is true 
for the c鉛 ep = 1，・ ， n -2， where n -2 is a positive odd integer. First we 
∞nsider the case n -2 =1 (mod 4). We show that 
σ(n， q)三 2(mod 4)， 
おrany pc路itiveeven integer q. Thls case is divided into three ωses. 
Case 1: qくn.
C鎚 e2: nく q< 2n -1. 
Cぉe3: 2p + 1 < q. 
Ca鈍 1.If n三2q-1， by using (1) in Theorem 5.1 we have 
σ(q， n)+σ(2q -n， q)= q2 -2 
三 2(mod 4). 
Since we have 2q -nく η 組 d2q-n三 1(mod 4)， by the hypothesis we have 
σ(2q -n， q)三o (mod 4). 
so we have 
σ(q， n)三 2 (mod 4). 
Namely， 
σ(π， q)三 2 (mod 4). 
H 2q + 1 ~ n， by using (11) in Theorem 5.1 we have 
σ(q， n)=σ(π-2qぺ)+ q2 
三 σ(n-2q， q) (mod 4). 
Since we have n -2qく nand n-2q三 3(mod 4)， by the hypothesis we have 
σ(n-2q，q)三 2 (mod 4). 
so we have 
u(q， n)= 2 (mod 4). 
20 
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崎Namely， 
(mod 4). σ(n， q)三 2
Cωe 2. By using (1) in Theorem 5.1， we have 
σ(n， q)+σ(2n -q，n) =η2 -1 
三o(mod 4) . 
. 
Since we have 2n -qくn，by Cぉe1 we have 
(mod 4). σ(n，2n -q)三 2
Namely， 
(mod 4). σ(2n -q， n)三 2
This implies 
(mod 4). σ(π， q)三 2
Cぉe3. Set q = 2nm + i where 1 ~ m and 1 < i三2n-1. By using (11) in 
Theorem 5.1， we have 
σ(π，q) =σ(q -2n， n)+η2_1 
三 σ(q-2n， n)(mod 4) 
=σ(n， q-2n). 
By using (11) in Theorem 5.1 repeatedly， we have 
a(n， q)三 σ(n，i) (mod 4). 
By Cases 1釦 d2， we have 
σ(π， q)三 2.
(mod 4). We will show that Nぼ t，we consider the c鎚en-2三 3
σ(n， q)三o(mod 4)， ???
??
? ? ?
、
fωany positive even integer q. This cωe is a1so divided into three c鎚 es.
， 
‘ . 
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C鉛 e4: qくn.
Case 5: nく q< 2n-1. 
Case 6: 2p + 1 < q.
Case 4. lf n三2q-1， by using (1) in Theorem 5.1 we have 
σ(q， n)+σ(2q -n， q)= q2 -2 
(mod 4). 
??? ? ?
Since we have 2q -nくnand 2q -n三 3，by the hypothesおwehave 
(mod 4). σ(2q-n，q)三 2
so we have 
σ(n， q)三 O
H 2q + 1 < n， by using (1) in Theorem 5.1 we have 
(mod 4). 
σ(q， n)=σ(η-2q， q)+ q2 
三 σ(n-2q， q)(mod 4). 
Since we have n -2q <η 組 dn-2q三 1，by the hypothesis we have 
(mod 4). σ(π-2q，q)三 O
So we have 
(mod 4). σ(n， q)三 O
Case 5. By using (1) in Theorem 5.1， we have 
σ(n， q)+σ(2n -q， n)= n2 -1 
三 o(mod 4). 
Since we have 2n -qくn，by C鎚 e1 we have 
? ?
? ?
??
? ?
? ， ?
(mod 4). σ(2n -q，n)三 O 、
This implies t 
• 
? ? ?
‘ 
‘' ‘ 
(mod 4). σ(n， q)三 O
22 
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Case 6. Set q = 2nm + i， where 1三mand 1三i< 2n -1. By using (1) 
in Theorem 5.1， we have 
σ(η，q) =σ(q-2n，n)+η2 _ 1， 
三 σ(q-2n， n)(mod 4). 
=σ(n， q-2n). 
By using (1) in Theorem 5.1 repeatedly， we have 
σ(η， q)三 σ(n，i) (mod 4) 
By Cas~弓 4 and 5， we have 
σ(n， q)三 o (mod 4). 
口
Lemma 3.13. Let p beαpos'tive even 1，nteger， and qαposit'tve odd 'tnteger. 
Then ωe have 
10 if q三 1
σ(p，q)三
I 2 ザq三 3
(mod 4)， 
(mod 4). 
Proof It follows from (111) in Theorem 3.1 and Lemma 3.12. 口
3.4 Appendix 
In this section， we study the lower bound for the alternation number of a 
tonぉ】motby using Kau缶nan'ssignature formula of a torus knot. 
For ∞prime intgers p and q， we define as follows. 
b 1 
f(α，b) =一+ー+二
p q L. 
+1 if 0く f(α，b)< 1 (mod 2)， 
ε(α，b) = 
-1 if 1く f(α，b)く 2 (mod 2)， 
23 e 
‘ • 
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• 
l+(α，b) = 
+1 if 0く f(a，b)く 1 (mod 2)， 
o if 1くf(α，b)く 2 (mod 2)， 
Kau血B組 [25]showed that 
σ(T(p， q)= 玄 ε(α，b) 
1<α三p-l
1<b<q-l 
Itおeぉyto check that 
s仇q)ー の，q) ゃ2 "¥1'" '11 = Lε+ (a， b)・
Now we give two examples. 
3 
24 
-• 
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Example 3.14. Let p and q be the integers 7 and 10. Thenσ(T(p， q)= -34 
and 
s仇q) のー，q) ゃ= ):ε+(a， b)= 10 . 
. 
6 
102 109 116 123 130 137 144 151 158 
70 70 70 70 70 70 70 70 70 
5 
92 99 106 113 120 127 134 141 148 
一 一
70 70 70 70 70 70 70 70 70 
. 
4 
82 89 96 103 110 117 124 131 138 
一 一 一
70 70 70 70 70 70 70 70 70 
3 
72 79 86 93 100 107 114 121 128 
一 一 一 一
70 70 70 70 70 70 70 70 70 
2 
62 69 76 83 90 97 104 111 118 
一 一 一 一 一 一
70 70 70 70 70 70 70 70 70 
. 
52 59 66 73 80 87 94 101 108 
一 一 一 一 一 一 一
70 70 70 70 70 70 70 70 70 
f(α， b) 1 2 3 4 5 6 7 8 9 
一一一 一一一一 一一一一一
25 
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色
6 。。。。。。+1 +1 +1 
5 。。。。。。。+1 +1 
. 
4 。。。。。。。。。
3 。。。。。。。。。
2 +1 +1 。。。。。。。
1 +1 +1 +1 。。。。。。
ε+(α， b) 1 2 3 4 5 6 7 8 9 
26 
??
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Example 3.15. Let p and q be the 'lntegers 8 and 11. Then CJ(T(p， q)= -52 
and 
s(P，q)一σ(p，q) ゃ= )~ε+(α， b) = 14. 
1<α<p-l 
l<b<q-l 
7 
129 137 145 153 161 169 177 185 193 201 
88 88 88 88 88 88 88 88 88 88 
6 
118 126 134 142 150 158 166 174 182 190 
88 88 88 88 88 88 88 88 88 88 
5 
107 115 123 131 139 147 155 163 171 179 
88 88 88 88 88 88 88 88 88 88 
96 104 112 120 128 136 144 152 160 168 
4 一88 88 88 88 88 88 88 88 88 88 
3 
85 93 101 109 117 125 133 141 149 157 
一 一88 88 88 88 88 88 88 88 88 8 
2 
74 82 90 98 106 114 122 130 138 146 
一 一 一 一88 88 88 88 88 88 88 88 88 88 
1 
63 71 79 87 95 103 111 119 127 135 
一 一 一 一 一88 88 88 88 88 88 88 88 88 88 
f(a， b) 1 2 3 4 5 6 7 8 9 10 
27 
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•• 
?????
7 。。。。。。+1 +1 +1 +1 
6 。。。。。。。。+1 +1 
5 。。。 0・ 。。。。。+1 
4 。。。。。。。。。。
3 +1 。。。。。。。。。
2 +1 +1 。。。。。。。。
1 +1 +1 +1 +1 。。。。。。
ε+(α， b) 1 2 3 4 5 6 7 8 9 10 
• 
• -
28 
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?
14 ー ー 由 ー ー ー ー ー 目 ー ー 42 
13 ー ー ー ー ー ー ー 申 ー ー 30 36 
. 
12 ー ー ー 骨 ー ー ー ー ー 30 ー ー
11 ー ー ー ー ー ー ー ー 20 24 26 30 
10 ー - ー ー ー ー ー 20 ー 22 ー ー
. 
9 ー 由 ー ー 『 ー 12 16 ー 20 20 ー
8 ー ー 申 ー ー 12 ー 14 ー 16 ー 18 
7 ー .ー 由 ー 6 8 10 10 12 12 ー 18 
、
6 - 由 - 6 ー ー ー 8 . - 12 ー ー
5 ー ー 2 4 4 4 ー 8 8 8 10 ー
4 ー 2 ー 2 ー 4 . 4 ー 6 ー 6 
3 。。ー 2 2 ー 2 2 ー 4 4 ー
s(p， q) -σ(p，q) 
4 5 6 7 8 9 10 11 12 13 14 15 
2 
‘ . 
29 
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Lemma 3.16. 
ε(a， b)=ε(pー α，q -b). 
Proof. The proof is followed仕omtwo claims. 
Claim. f(α， b)=ε(一α，-b). 
百おおllows台omthe following. 
(3.5) 
(3.6) 
(3.7) 
C1aim.ε(a， b)=ε(p + a， q+ b). 
Thisゐllows仕omthe following. 
(3.8) 
口
mod 2 
mod 2 
mod 2. 
(3.9) mod 2. 
mod 2. 
?
?
???
??
?
?
?
?
???
?
??
?
?
???
??
?
??
??
???
??
?
mod 2 
b 1 
Oくー +一+ー <1p . q .2 
p+αq+b l 
{=今2く一一一+一一一+ー く3p . q . 2 
s(p，q)一σ(p，q) ハ
2 
Coroll沼γ3.17.
Lernma 3.18. Let p and q be coprime posihve intergers with 3 < pく q.
(1)グε(1，1) = -1， then (p， q) = (3，4) 01" (3，5). 
(2) Ifε(1，2) = -1， then (p， q) = (3，4)， (3，5)， (3，7)， (3，8)， (3， 10)， (3， 11)， (4，5)， (4， 7)
併 (5，6). 
Pfi∞1-Note that 0 ~ f(l， 1)く 2組 d0 < f(1， 2)く 2.
(1) lt su伍cesもofind (p， q) such tha.t 1 < f(l， 1).If 4 ~ p， then 
???
? 、 ? ? ? ? ? ? ? ?
?
??? ?
????
?
?? ?
主
(3.10) 
(3.11) 
?
?? 。
?
??????
?
?
??
?
???
?
????? ?、 ? ， ， ，
，
? ，
?
? ，
?
? ?
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Therefore there is no (p， q)such that 1く 1(1，1). If p = 3， then 
(3.12) 
1 1 1 1 5 
1(1， 1)=一+一+一=一+ー .p'q'2 q'6 
(3.13) 
(3.14) 
Therefore there is no (p，q) such that 1 < 1(1，2). If p = 5， then 
(3.15) 
?
??
???
? ?
?? ? ????????? ?
?
?、? ， ，
?
?，??，??
We obtain (5， 6) such that 1く 1(1，2).立p=4，もhen
(3.16) 
? ? ? ? ? ????
? ?
?
??
??
????
? ?
????、???
?
?， ???? ??
We obtain (3，4)組 d(3，5) such that 1く 1(1，1).
(2)恥sufi.cesto find (p， q) such that 1く 1(1，2).If pさ6，then 
12. 1 3 1 
1(1，2) =一+一+一<一+一p'q'2 p'2 
<1. 
We obtain (4， 5)(4， 7)such that 1く 1(1，2).If p = 3， then 
??
??，?、
‘ (3.17) 
???。 ，?? ?? ?
?
???
?? ? ?
?
???? ?
?
?、 ? ， ， ，?，???，?? ?、
?
We obtain (3，4)， (3，5)， (3， 7)， (3，8)， (3， 10)姐 d(3，11) such that 1 < 1(1，2). 
口
) 
??
， 、 ，
Lemma 3.19. Let p_ and q be coprime positive intergers with 4 :;pく q.
p ，-q 
(1) For 1 <αくと(一一 1)]， ε(α，1)=+1.-La '2 
q，p 
(2) For 1三bく['J(一-1)]，ε(l，b)=+l， 
- Lp'2 
ψhere the symbol [xJ means the g'向。test川 egerless thαn or equal to x. 
Proof. (1) We obtain the following. 
‘ 
? ? ?
??
(3.18) 
(3.20) 
(3.19) 
1 1 
0くー +一+ー く1p'q'2 
pq - ， _pq 
φ ーヲく切+pくす
p，q，.， _ _p，q 位争一一(ー +1)くαくー(一一 1). q '2 ' -， ---q '2 
31 
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(2) We obtain the following. 
(3.21 ) 
(3.23) 
口
Theorem 3.20. For each n， there enstβnitely many (p， q)such that alt(T(p， q))= 
n. 
1 b 1 
-+一+でく 1
p q 辺
pq _ . J _ pq 
宇=今17<q+bp<17
q IP .  ¥ _ J _ q IP 字今一一(一+1) < b < 一(~ -1). 
p'2 
Theorem 3.21. We obtα'tn the follow'lng. 
(1) alt(九，q)= 0仁::}p = 2. 
(2) alt(Tp，q) = 1に今 (p，q) = (3，4) or (3，5). 
(3)心t(九q)= 2 =今 (p，q) = (3，7)， (3，8)， (3， 10)， (3， 11)， (い)， (ム7)or (5，6). 
(4)必(九q)三4仁 =otherwise. 
(3.22) 
?
?
、
Note that T. Kanenobu determined in [24] the altemation number of 
some torus knots by using our method， 
alt(九5)= 2， alt(T3，伽+l)= 2m， 
， ， ， ， ，
?
???，?
• 
-
where m is a positive integer and i = 1 or 2. 
32 
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The alternation number of 
4 Chapter 
closed 3-braid 
An upper bound for the dealternating num-
ber of a closed 3-braid 
4.1 
In this section， we recall an upper bound for the dealternating number of a 
clωed 3-braid. The n-braid group Bn， nεZ>o， isa group which hωthe 
following presentation. 
• 
(It -81 > 1) σtσs=σsσt 
、，
?
???
?
??
σhσ2， • .・3σn-l
(It -81 = 1) σtσsσt=σsσtσs 
Let βbe an n-braid of the form 
， ， 
??
?
?
主
3 
whereちヲ/;ij+1 and aj IS a nonzero integer for j = 1，2，.. ， m. An n-braid 
βis positive ifα3おpositivefor al j. We note that a positive 3-braid is 
• 
33 
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，
conjugate to a braid of the form 
Hσ?σ;¥ 
~=1 
where Pi，仇 εZ>ofort=L2F ，T We denote byFthe clome of a braid 
β. 
. 
Lemma 4.1 ([2]). Letβbe a positive 3-brlαid of the form 
Hσ?σ;¥ 
，=1 
ωhe1モPi，q~ εZ>o for i = 1， 2， • . . ，r. Then ωehαve 
dalt(s)三ァー 1.
4.2 The alternation number and the dealter圃
nating number of a closed positive 3-braid 
In this section， we determine the alternation numbers and the dealternating 
numbers of some closed positive 3-braid knots. 
We recall the following two lemmぉ.
Lemma 4.2 ([54]). Let D beαpos'tive diagram 0 fαpositive knot K. Then 
ωe have 
s(K) = c(D)一o(D)+ 1.
Setム=σ1σ2σ1・
Lemma 4.3 ([2]). Let s be a positive 3・bra'tdof the form 
???
? ?
?
i=1 
stLch thαt s isαknot，九三 0αndp" qi > 2 f01・i= 1，2，・ ，r.Then ωehαve 
ーσ(め=4n -2r + L:仇+qi) 
• 34 
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The following is main result in this chapter. 
Theorem 4.4. Let βbe a pos1，tive 3・braidof the 101マn
???
?
?
?
?
【??
such that s 1，Sαknot，η三oand p" qiさ2for i = 1， 2， • • • ， r. Then ωe have 
alt(β) = dalt(β)=η+ r-l. 
Proof. First we show that dalt(s)三η+r-l. 
Wemodiち，s intoσ2(σî<7~)n-lσ?σ24nHL1σ?‘<7~~ by the following equal-
ities. 
β ム2nII寸σ;ー
;=1 
(σdU2)nσ?ηII O"f‘σr 
i=l 
σ2(イイ)π一切σ2<7~n日σ?ur.
If r = 1， we modify s into (イイ)←1σ?σ2dn句 1<7~1 + 1 by the following equal-
ities. 
s = <72(<7~<7;)n-1<7~<72 <7~n σ2~σ1σ2σ1σ2σ1σ1σ2 
(0"~<7~)ト1_2 _ _2n+Pl _ql + 1 σ1σ2)σ1σ2σ1σ2 
If rど2，we modify s into (σ?σ~)n-lσ?σ2dn+P141{II:二;σ?σ~'}σ?σr+lby 
the following equalities. 
。 =σ2(σ?σ~)n-lσ?σdn Hσ?・4・
i=l 
??
??
?、?
，
?
?。???
?
?
?
???
『?、
????????
?? ???? ，
?
??????
??，??，????
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By Lemma 4.1， we have 
dalt(s) < n + r -1. 
Next we show that alt(β)三n+ r -1. Lemmas 4.2 and 4.3 imply that 
6n-2+乞(Pi+ q.ω'i)
4仇η一2r+乞(Pt+ qt) 
s(s) 
一σ(β)
By Corollary 2.4， we have 
jls(K)一(-a(K川日付-1 < alt(s) 
Therefore， we have 
??
， ， ， ?
??
?
??
?? ? ? ?
， ? ，
? ?
ロ
• 
‘ 
a川
• 
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Chapter 5 
• 
The alternation number of a 
お1ontesinosknot 
In this Chapter， we show that non晒alternatingMontesinos links and semi-
altemating links are almost alternating. Throughout this section， we assume 
that tangles and tangle diagrams have four ends. We recall some notations 
for tangle diagrams. 
Two tangle diagrams T and T' are equ'tvαlent， denoted by T rv T'， if
they are related by a finite sequence of the Reidemeister moves. The integral 
tangle diagram [n] (πεZ) is n horizontal half twists (see Figure 5.1). 
n 
---ーヘ¥ー ノ
〆一¥
[0] 
¥以x
Figure 5.1: The integral tangle diagrams 
The sum (resp. the product) of two tangle diagrams T and S is the tangle 
diagr細 asin Figure 5.2. We denote the sum (resp. the product) of two 
tangle diagr細 sT組 dS by T+ S (rωp. T * S). 
A rational tαngle d1，α.gram is a tangle diagram obtained from integral 
tangle diagr釦 18using only the operation of product. 
37 
、 ‘ ‘・
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T*S 
Figure 5.2: The sum and the product of tangle diagrams T and S 
Remark 5.1. Let α1， a2， a3， • • • ，似 beintegers. A rational tangle diagram 
(・.( [α市 {α2])* [α3]) *・.• ) * [an] is alternating if and only if a1， a2， a3， • . . ，αn
have the鈍 mesign. For any rational tangle diagram T) there exists an 
altemating rational tangle diagram T' such that T rv Tに
T+S 
. 
Figure 5.3: A fiype 
，町、、J
へV
Aβ'ype is a local move on a ta時 lediagram (or a link diagram) as in 
Figure 5.3. 
Remark 5.2. Let T be a rational tangle diagram and s an integer. By fiypes， 
we have T + [8]rv [s] + T (see [26]). 
We depict a symbol 0 (resp. u) near each end point of a 伽 glediagram as 
in Figure 5.4 if組 over-crossing(resp.組 under-crossing)appears first when 
we traverse the ∞'mponent from the end point. We call a tangle diagram on 
the left side (resp. the right side) in Figure 5.4 of type 1 (resp. of typeめ.
Wenωe that an alternating tangle diagram is of type 1 or of type 2.1 For 
依 ample，the integral t釦 gle[1]おoftype 1， and卜1]is of type 2. We give 
two lemmωneeded later . 
• 、，
?
? ? ?
? ?
?
? ? ?
??????
?
??
?
???
?
? ? ? ? ? ?
? ? ?
?
，
?????、
• 
1 Use a checker加ard∞loringf;σr the diagram . 
. 
38 
. 
?、
弘
• • 
type 1 type2 
Figure 5.4: Tangles of type 1 and of type 2 
Lemma 5ふ LetT be anαlternαtzng tαηgle diαgram， and R anαltemαting 
rational tαngle diαgram. Then there exist an alternating tαngle T' and an 
integer r such thαt T + R rv T' + [r]. 
Proof. If T and R are both of type 1 or of type 2， then we set T' = T + R 
and r = O. We assume that the tangle cliagram T is of type 1， and the 
rational tangle diagram R is of type 2. In this case， R is represented by 
(・・([一α1]* [-~])ト・・)* [一向]， where αbα2，・ ，anare positive integers. If 
Ris組 integraltangle diagram [r]， then we附 T'= T and [r] = R. If R is 
not an integral tangle diagram， we obtain the sum of an alternating tangle 
diagr釧 oftype 1 and the凶tegraltangle diagram [-(仇+1)] by deforming 
T + R as in Figure 5.5. If T is of type 2 and R is of type 1， then the proof is 
reduced to the case treated above by taking the mirror image of T + R. ロ
Lemma 5.4. Let ~ (i =し・・，m)beαlternαt'l，ng ratzonal tαngle d'Lαgrams. 
Then there existαnαlternαting tαngle diαgram T and an znteger s such thαt 
Rl+・・・+九nrv T + [s]. 
Proof. We prove this lemma by induction on m. It is trivial for the case 
m = 1. The lemma is also true by Lemma 5.3 for the case m = 2.
Suppose that the lemma is true for the case m = n such that nさ2.We 
show that the lemma is true for the case m =η+1. By the 鉛 sumption，there 
依 ist釦 alternatingtangle diagram T and sεZ such that R1 +・+RnI"V
T + [s]. By Remark 5.2， we have 
R1+・+ι+1I"V T +凡1+1+ [s]. 
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Figure 5.5: 
By Lemma 5.3， there e泊st組 altematingtangle diagram T' and rεZ such 
that T + Rn+l f'V T' + [r]. We obtain the sum of an alternating t組 glediagram 
Tand組凶tegraltangle diagram [r + s]. 口
Tbe numerator N(T) and the denom~nator D(T) of a t釦 glediagram T 
are the closures of T as in Fi忽ue5.6. A Montes1.nos 11.nk is a link which hω 
a diagram represented by N(R1 +・・・+凡仏 whereR1ぃ・λnare rational 
tangle diagrams (see Figure 5.7). 
N(T) D(T) 
Fi伊re5.6: The numerator a.nd the denominator of aもanglediagram T 
Prop倒“on5.5. Montes'Inos links areαlternating 01' almost alternαting. 
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Figure 5.7: A diagram of a Montesinos link 
Proof By Remark 5.1， every Montesinos link has a diagram D represented 
by N(R1 +・・・十九n)，where RI， ・1 凡nare al ternating rational tangle dia-
g但 DS.Then， by Lemma 5.4， the diagram D can be deformed into a diagram 
represented by the numerator N(T + [s]) of the sum of釦 alternatingtangle 
diagram T組 d組 integr必tangle必agr細 [s]. 
H T and [s] are both.of type 1 or of type 2， then N(T + [s]) is alternating. 
HTおoftype 1 and [8]おoftype 2， then we deform N(T + [s]) into an 
aJmωt alternating diagr細部 inFigure 5.8. H T isof type 2 and [s] is of 
~ type 1，もhenthe proof is reduced to the case treated above by taking the 
rnirror image of the diagram. 
一+
Figure 5.8: 
ロ
A tangle diagram T也stro旬lyαlternαtingif both N(T) a.nd D(T) are 
reduced alternating. A link L由紀m'J-αlternαhngif L has a non-alterna.ting . 
diagram which is represented by N(T + T')， where T and T' are strongly 
alternating tangle diagrams (see Figure 5.9). 
Prop08itioD 5.6. Semi-alternating link3 αγeαlmost alte門U1ting.
Proof Li伽 ish釦 dThistleもhwaite[35] showedもhatsemi-alもernatinglinks 
areω'D-a}阿古ating.onもheother hand， we can obta.in an a)most a.lternating 
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口Figure 5.9: A diagram of a-semi-alternating link 
For a non-split link L， Champanerkar and Ko釦1an[12] showed 
diagram of a semi-al ternating link ぉ inFigure 5.10. 
一一+
Figure 5.10: 
?
?
?
?
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ωKh(L) -2 < dalt(L). 
Propωitions 5.5組 d5.6 imply the following. 
Corollary 5.7. Let L be a M ontesinos link or a sem't-αlternating link. Then 
ωKh(L) < 3.
Recal that A. Champanerkar and 1. Ko合nangive infinitely many pretzel 
links withωKh(L) = 3 [13]. 
CorollaIγ5.8. Let L be αMontesinos knot orαsemi-altemαting knot. Then 
-・・.
Is(K)一(一σ(K))I三2.
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Chapter 6 
The Turaev genus of an 
adequate knot 
6.1 Background of the Turaev genus and an 
adequate knot 
Tbe Jones polynomial provided. a solution of the Tait conjecture， which states 
that a reduced altemating link cligram h創出mm必crossingnumber [2可， [47J 
組 d(61]. Furthermore， Mur側 gi[4ηand百ustlethwaite[61 J prov吋 thata 
minimal crωsing diagram of 8 prime altemating link is reduced. alternating. 
To give a simple proof of these res山.Turaev [62] introduced a surf抑邸鈴
ciated to 8αmnected link diagram， now called the Turaev surfaceωsociated 
ωthe diagram. We deno旬 by!Jr{D) the genus of the Thraev surf側勝
ωciated to a cODnected link diagram D. Dωbach et al. [16J introduced the 
Bωion of the Thraev genus !IT( L) of a non-split link L which is defined to be 
the minin叫 numberof針(D)ωsociat吋 todiagrams D of the link L. They 
siM期edthat a nω-split link L回叫もernatingif and only if 9T (L) = O.In this 
se:回 e，tbe Thraev genus of a nOIトsplitlink is an obstruction to the link being 
altemating. 
1D general， it也di飴cultto detex ntine the Thraev genus of a non-split link. 
However， many non-alternating links are known to be of Tura.ev genus one. 
For example， nOIトsplita1m句 talternating li凶(8which include non-alternating 
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Figure 6.1: an A-splice and a B-splice 
. 
knots of eleven or fewer crossings except 11n95 and 11π118， non-alternating 
Montesinos links and semi-alternating links are of Thraev genus one [2]. 
Lickorish and Thlstlethwaite [35] introduced the concept of釦 adequate
link， whlch is a generalization of an alternating link defined as follows. Let 
L be a li出，D a link diagram of L and Cl，・・.，Cn the crossings of D. A 
， state for the diagram D is a function s : {Cl， C2，・・1ら}→ {1， -1}. An 
A -spl'l，ce and a B-spl'tce are local moves on a link diagram as in Figure 6.1. 
We denote by sD the loops which are obtained from D by applying A-splices 
at crossings c such that s(c) = 1 and by applying B叩 licesat crossings e 
such that s(e) = -l. We denote by IsDI the number of components of sD. 
Let s A be the state such that s A ( C;)= 1 for every i組 ds B the state such 
that SB(C;) = -1 for every i. 
A link diagram D is said to be adeqωte [35] if ISADI > IsDI for every 
state s such that乞:1 s(c;) = n -2 and ISBDI > IsDI for every state s 
such that乞:-1s( c;) = 2，-n. A typical adequate diagram is a reduced 
alternating diagram [35] (see also Proposition 5.3 in [34]). Another example 
is an n-sem1，-alternαt1，ng d1，αgram which was introduced by Beltrami (9). An 
adequate diagram also hぉ minimalcrossing number. This result was first 
proved凶 [61]using the KaufIman polynomial. Simpler proo色weregiven m 
[34] using the Jones polynomial and in [30] using the Khovanov homology. An 
adeqωte link is a link which admits an adequate diagram of the link. Note 
that it is known仕om[61] that a minimal crossing diagram of組 adequate
link is also adequate. 
The genus of a knot is the minimal genus of any connected compact 
oriented surface whose boundary is the knot. It is well known that the genus 
of a knot is additive under connected sum. A remarkable property of the 
genus is that it may distinguish a knoもfroma mutant of the original knot. 
For example， the genus distinguishes the Terぉaka-Kinoshita knot from the 
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Conway knot (e.g・， see [5]). A mutant of a link (or a diagram of a link)治
defined in the next section. In this chapter， we show 
Theorem 6.10. Let K beαknot which adm'1，ts an adequαte diagram D. Then 
9T{K) =針 (D)= 1/2(c(D)-lsADI一IS8DI}+1=ωKh (K) -2 = c( K) -spanぬ(t).
(6.1) 
Here we denote by c( L) the crossing number of a link L， byωKh(L) the 
homological width of the Khovanov homology of L and by span比例 the
span of the Jones polynomial of L. For the definition of the homological 
width of the Khovanov homology， see [12]. By the equation (6.1)， we obtain 
the additivity of the Turaev genus of adequate knots. 
~ Corollary 6.13. Let Kαnd K' beαdequαte knots. Then 
• 
針 (K#K')= gT(K) + gT(K'). 
The following corollary suggests that the Turaev genus of a knot might 
be pr邸ervedunder mutation. 
Corollary 6.14. Let K be a knot admitting an adequate diagram Dαnd K' 
a knot which hαs a mutant 01 D. Then 
gT(K) = gT(K'). 
Note that we c釦 chooseso that K is the KinoshitarTer鎚 akaknot and K' 
is the Conway knot as a special case of Corollary 6.14. For more details， 
see Section 6.4. We also show tぬha“，ta釦nn-semi-alternating knot is of τT、uぽJr8鵠，怠e
genusη(Theorem 6.1ω9). This is the first example of a cl鎚 swhich ∞ntains 
adequate knots K with gT(K)三2.
6.2 Preliminary 
In this section， we recall several definitions and results need later. 
The Jones polynomial 九(t)of a link L is a Laurent polynoDUal in t1/2 
with泊.tegercoe伍cienお (e.g.，[34]). We denote by span比例 thespan of 
九(t)，that凶，the difference between the maximal degree of t1/2 and the 
minimal degree of t1/2 that occur in 九(t).Then 
1・， 
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Proposition 6.1 ([35]). Let L be a link ωhich admits a connected adeqωte 
diα，gram D. Then 
sp組九(t)=むc(D)+ ISADl + ISBDI -2) 
A mutationおanoperation on a link (resp. a diagram) that can produce 
different links (resp. diagrams)， which are identicalぽ ceptfor a ball (resp. a 
disc)組 ddiffers by πrotation of a tangle with 4-ends (resp. tangle必agram
with 4-ends) in one of the following ways (see Figure 6.2). The resulting links 
(resp. diagrams) are called m仰向 ofthe original link (resp. the origin必
diagr細).One c組鎚ilysee that the following lemma hol也.
Lemma 6.2. A mutαnt of an adeqωte diαgram is adequαte. 
Remαrk 6.3. We do not know whether a mutant of an adequate link is ade-
We recall the Turaev surface associated to a connected link diagram (see 
[15]， [16] or [3可).First， we construct a cobordism between sAD and sBD 
as follows. Let r c g2 be the underlying 4-valent graph of a connected link 
diagram D， and V the union of the vertiωof r. Let r x [-1，1] be a surface 
with sin伊 laritiesV x卜1，1] naturally embedded in 82 xト1，1].Repl低 ethe 
neigbborhoods of V x卜1，1]with saddle surfaces positioned in such a way 
that the boundary curves in 82 x {1} (resp. 82 x {-1}) correspond to S A D 
(resp. 8BD) as in Figure 6.3. F日i伊伊reω6.4ωi泣山Iω凶附t訂raωt陶 七山h恥ec∞on附s討蹴t紅加ru刷1犯c
τ'ura総evs印urf低 e舗s鈎ocdia“tedto a connected link diagram. The Thraev surface 
quate. 
，?
?，
?，?
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Figure 6.3: a saddle surface 
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Figure 6.4: on the construction of the Thraβv surface of a knot diagram 
is completed by attaching disjoint discs to the ISADI + ISBDI boundary circles 
in S3. 
We denote by 9r(D) the genus of the Thraev su巾 ceassociated to D. The 
Turaev genω9r (L) of a non-spli t link L isthe minimal number of the genera 
!JT(D) of associated to connected diagrams D of the link L. By considering 
the Euler characteristic of the Thraev surface associated to a connected link 
diagram， we obtain 
Proposition 6.4 ([15]， [62]). Let D be αconnected link diαgram. Then ωe 
hαve 
州 )=j(c(D)+2-lSAD|一ISBDI)
The Thraev genus is closely related to algebraic invariants. For a non-split 
link L， Bae and Morton [8] and Dωbach et al. [16] showed 
9T(L)三c(L)-span比例. (6.2) 
Khovanov [30] introduced an invariant of links， called the Khov，組ovhomol-
ogy， wruch values bigraded Z-modules and whose graded Euler characteristic 
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芯もheJones polynomial. We denote by ωKh(L) the homolog'tcal width (or 
thickness) of the Khovanov homology of a li地 L.For a knot K， Manturov 
[39] and Champanerka.r， Kofman組 dStolt油脂 [12](蜘 also[6]) showed 
ωKh(K) -2 $ fJT(K). (6.3) 
Note that Lowrance found an姐 aloguefor the homologic必widthof the Floer 
homology of a knot [37]. 
We give a relation betweenもheThraev guns and the dealternating num-
ber. 
Theoぽrem6.5 ([2問附河叩]).Lμret L be α nωO飢nル.叩i似t“lu枕 • Then ω e have 
!JT(L)三dalt(L).
Note that a non由splita1mωt alternating link is of Turaev genus one by 
the above inequality. Therefore T(3， 4)and T(3， 5)are必soof Turaev genus 
one. Since al non-alternating knoもSof eleven or fewer crossings except l1n9s 
11095 110118 
Figure 6.5: 
• 
and 11，118 are &]mωt aJternating， by Theorem 6.5， we have the following. 
Corollary 6ふ LetK beαnon-αltematl'九，gknots 0/ eleven or fe'旬。 cross-
Jngsαα:pt 11制 αnd11n118. Thenωe have !}T(K) = 1 and alt(11n9s) = 
alt(11nω=1. 
Remark 6.7. In [5可， Sto縦 showedthatωKh(K)三4おra non-al旬mating
torus knot K other t凶nT(3， 4)叩 dT(3，5). Thお impliesぬat針 (K)三2
by the ilequa1ity (6.3). Therefore a torus knot K凶of'furaev genus one if 
and∞1y if K = T(3， 4)or T(3， 5).
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Tbωrem 6.8 ([2]). Let T3，3n+i be the (3，3n + i)-torus kn叫 ωheren isα 
non-negαtive integerαnd i = 1， 2.Then ωe have 
9T(九3n+i)= dalt(九3n+，)= n.
6.3 The Turaev genus of an adequate knot 
. 
In this section， we prove Theorem 6.10 and its corollaries. 
The following key lemma was implicitly stated and proved by Khovanov 
[31]. We give a proof of the lemma again in Appendix， which is slightly 
different仕omKhovanov's. We use the method for calculating Khovanov i homowwMdwぉ developed時 7]釦 d[63] 
， 
• 
、
Lemma 6.9 ([31]). Let K be αknotωhich admiお αnαdequαtediαgram D. 
Then 
1/2(c(D) -ISADI-ls8DI) + 3三ωKh(K).
Here we assume familiarity with Khovanov homology， Lee homology and 
L的 spω凶 sequence.We use the notation of [3]組 dwork over Q. 
proof 0/ Lemma 6.9. Suppose D is alternating. Lee [3] showed tl刈 ωKh(K)= 
2組 dit is well known that ISADI + ISBDI = c(D) + 2.Thus the conclusion 
of the lemma holds for the case where D is altemating. We suppose D is 
non-altemating. Khovanov [30J show吋
ず -ISADI，n¥ _. "" _ _ _);;-7c(D)，c(D)+1句 DI(D) ~ Q and冗 (D)~ Q. 
;-;O，-I"ADI+2 
If Dおpωitive，冗 (D)~ Q [31J. By Lee's spectral sequence， we 
have 
-吋D)-lρ(D)+18sDI-4
dim冗 (D)と1.
百おme側 ωKh(K)ど1/2(c(D)一ISADI-ls8DI)+ 3.If D泊negative，then 
by ta1dng the mirror in凶geof D， the proof is reduced to the cωe where D 
泡pωitive.H D isnot positive nor negative， by Lee's spectral sequence， we 
have 
dim究山ADI+4(D)三1and dim汗(D)一1，c(D)+I"BDI-4(D)と1.
首包伽m側 SωKh(K)ど1/2(c(D)一ISADI一ISBDI)+ 3.
• 岨
• 
• 
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By Lemma 6.9， we obtain the following. 
Theorem 6.10. Let K beαknot which admits an adeqωte d'tα，gram D. Then 
針 (K)=針 (D)= 1/2(c(D)一ISADI一ISBDI)+1=ωKh(K)-2 = c(K)-span VK(t). 
Proof We have the following chain of inequalities: 
9T(K)三9T(D) . 
， 
= 1/2(c(D) -ISADI一ISBDI)+ 1 
三ωKh(K)-2 
< fJT(K). 
Here thωe inequaliti句 followfrom the definition of the Thraev genus of a 
knot， Proposition 6.4， Lemma 6.9 and the inequality (6め.Therefore al 
the above inequalities are in fact equalities. The remaining equality in the 
statement of this theorem， namely that regarding c( K) -span V K (t)， follows 
at once台omProposition 6.1. 口
The following is a direct corollary of Theorem 6.10. 
Corollary 6.11. Let K beαknot which sαtisfies one 01 the following in-
e伊~alities
(i) 
9T(K)く c(K)-span VK(t)， (6.4) 
(i) 
ωKh(K) -2く9T(K). (6.5) 
Then K is not adequαte. 
Remark 6.12. The inequality (6.4) is relatively effective. For example， the 
inequality (6.4) holds aU non-adequate knots up to 11 crossings. Manolωcu 
and Ozsvatb [38] introduced a cl鰯 ofqωsi-alternating knots， which includes 
altemating knots. For the definition of a quasi-alternating knot， see [38]. 
Let K be a quasi-altemating knot. Then WKh(K) = 2 [38]. H K is not 
altemating， then K 包notadequaもeby inequality (6.5). Equivalently， non-
altemating adequate knot is not qu鎚 i-alternating.
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We obtain the additivity of the τ'uraev genus of adequate knots. 
Corollary 6.13. Let K and K' be adequate knots. Then 
9T(K #K') = 9T(K) + 9T(K'). 
Prool. Let D and D' be adequate diagrams of K and K' respectively. We 
have c(D#D') = c(D) + c(D') and it 1s e鎚 Yto see that ISA(D#D')I = 
ISADI + ISAD'I-1組 dISB(D#D')I = ISBDI + ISBD'I-1. Note that D#D' 
iS組 adequatecliagram. By Proposition 6.4 and Theorem 6.10， 9T( K #K') 
is equal to 
針仰D')=むc仰 Dl)+2ー |岬#D')I-I叫 #D')1) 
=主c仲 c(D')+ 2-1いsADI一|いSねωAD川
= 9T(D) + 9士(D'ワ) 
= 9T(K) + 9T(K'). 
口
The following corollary suggests that the Thraev gen凶 ofa knot might 
be preserved under mutation. 
Corollary 6.14. Let K be a knotαdm1，tting anαdequate dzαgram D and K' 
αknot which hαsαmutαnt 01 D. Then 
9T(K) = 9T(K'). 
Proof. Let D' be the mutant of D. We have c(D) = c(D') and one can 
eωily see that ISADI = ISAD'I and ISBDI = ISBD'I by the definition of the 
mutation. By Proposition 6.4 and Theorem 6.10， we obtain 
9T(K) = 9T(D) 
= j主いμ似c(ゆ伸D
=むc(D')+ 2ー ISAD'I一ISBD'I)
= 9T(D'). 
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Figure 6.6: the two pl組釘 closutesfor a 4-tangle diagram 
Figure 6.7: a pl組 arcl倒 reof a 4-tangle diagram S組 drトsemi-alternating
diagram 
By Lemma 6.2， D' is組 adequatediagram. Thus we have 9r(D') = gT(K'). 
口
We recall the definition of釦 n-semi-altematinglink [9] and prove Th伶
rem 6.19. An n-tαπgle d'tα伊万mis a tangle diagram with 2n ends. An n-tangle 
diagram is strongly alternat1.ng if each of two planar closur回 ofthe tangle 
diagram whlch conn倒 sadjacent two ends of the tangle diagram (see Figure 
6.6). An n-seml-αlternαhng dtagram D is a non-alternating diagram which is 
a、um"of two抑 onglyalternating (n + 1 )-tangle diagrams by gluing 2n + 2 
ends as in Figure 6.7， where n凶apositive integer. An rトsurbi-αlternαting
11，nk [9] is a link which has an n-semi-alternating diagram. For a tangle di・
agr佃 1，there are many possible planar c10sures 1 of the tangle diagram in 
general. The diagram in Figure 6.7 isone of possible c1ωures of a 4-tangle 
diagram. 
Lemma 6.15. If an η・tanglediagram is strongly alternαting， then any planar 
clOSU1τ01 the tangle dlagramis connected reducedαlternating・
J The Dumber of pωsi ble clOSure8 of the tangle di句芳郎n包むhen-th Catalan number， 
w悩d 泊句叫ぬ(す)/(π+1). 
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Figure 6.8: an example of n-semi-alternating diagram 
Proof. If there exists a planar closure X of the tangle diagram which is not 
connected， then there exists a loop l in82 ¥ X separating 82 each containing 
part of X. One of th~ two planar closures of the tangle diagram which 
connects adjacent two ends of the tangle diagram has no intersection with l. 
This is a contradiction. Thus every planar closure of the tangle diagram is 
connected. We can prove that every planar closure of the tangle diagram is 
reduced in the same way. 0 
A l-semi-alternating link is called sem1，-alternat't句泊 [35].One of the 
typical semi-alternating linksおapretzellink P(Pl， . . . Pn， ql，'. . ，qm)， where 
n，mさ2組 dPi， qjと2for i = 1， . . . ，nand j = 1，・ ，m. The following凶
a typical n-semi-alternating link. 
Example 6.16. Let s b舵eαa3仇
for i = 1，2丸. . ， η + 1. Then the cloωsurl陀'eof s iωSα n n-s犯er.仰Tげm比ルtι-α lter‘γηnωα ting link 
fμsee εFれigurl向ε6.8のj丸• 
A semi-alternating diagram is adequate [35]. We show that an n-semi-
alternating diagram泊adequatesince no proof was given in [9]. The proof担
問 ntiallythe s狐 eas that of Proposition 4 in [35]. 
Proposition 6.17. An n-semi-alternating diαgram is adequαte. 
Proof. Let D be an -semi-alternating diagram. If D is not adequa.te， then 
there e泊sttwo segments near a crossing c in D which lie in the same com-
ponent of S A (D) or S B (D). Since the crossing c isin one of the original two 
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T1 T2 . 
'‘ Figure 6.9: a checkerboard coloring of D 
tangles， the appropriate planar closure X of the tangle which contains c can 
be chosen so that the two segments lie in the same component of S A (X) or 
SB(X). This means that X is not adequate. On the other hand， X is a 
reduced alternating diagram by Lemma 6.15. Thus X is adequate. This is a 
contradiction. 口
The following proposition was proved for the case n = 1 in [35]. We also 
generalize this result to an rトsemi-alternatingli叫ι
Proposition 6.18. Let L be an n-semi-altemating link. Then 
sp組九(t)= c(L) -n. 
Proof Let D be an n-semi-alternating diagram of L which is composed of 
two strongly altemating tangle diagr釦 lST1 and T2 • Let the regions of D be 
colored black and white in checkerboard fashion. Without 1088 of generality， 
we鎚sumethat the crossings of T1佃 dT2 are as in Figure 6.9. Let D1 and D2 
be diagr釦 15which are the closures of tangle diagrams T1 and T2 as in Figure 
6.10. For i = 1，2， we denote by bi the numbers of black regions in Di and by 
Wi the numbers of white regions in Di・InsAD there is a single simple closed 
curve that contains al 2n + 2 of the arωconnecting T1 and T2. Each other 
∞.mponent of S A D enclosed one of the b1一(n+ 1)black regions of T1 not 
incident upon these connecting arcs or one of the corresponding W2 -1 white 
rゆonsof T2. Thus ISADI = (b1一(n+ 1)) + (W2 -1) + 1 = b1 +均一(n+ 1). 
Similarly we obtain ISBDI = W1 + b2一(η+1). We have 
ISADI + ISBDI =ω1+ω2 + b1 + b2 -2(n + 1). 
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Since D，出connectedalternating， we have叫 +b~ = c(D，) + 2 for i = 1，2. 
Thus 
. 
， ? ?
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D Dl 
Figure 6.10: the definition of D1 and D2・
= c(D1) + c(D2) -2n + 2 
= c(D) -2n + 2.
By Proposition 6.1， the span of the Jones polynomial of L is equal to 
七c仲 ISADI+ ISBDI -2) = cω-n 
Finally， we prove the following. 
Theorem 6.19. Let K be an ルsemi-alternat~ng knot. Then 
9T(K) = dalt(K) = n. 
ロ
Proof. By Thωrem 6.10 and Proposition 6.18， we have gT(K) = c(K) -
sp組もう((t)= n. Let D be an n-semi-alternating diagram of K. By deforming 
D as in Figure 6.11， one can easi1y see that dalt(K)三n.By Theorem 6.5c， 
we obt泊nn = 9T(K) ~ dalt(K) ~ n. 口
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Figure 6.11: a deformation of an n-semi-alternating diagram 
6.4 Questions on the Turaev genus of a knot 
Question 1. Forαny knot K， is't  true thαt 9T(K) = dalt(K)? 
This equality holds for alternating knots， almost alternating knots which 
includes non-alternating Montesinos knots and semi-alternating knots， knots 
up to 11 crossings except 11n95 and 11nlls， the (3， q)-torus knots [2] and 
n-semi-alternating knots (Theorem 6.19). 
Question 2. Is the Tur，αev genus 01 a knot tnvαriant under mutαt1.on? 
The Turaev genus of a knot is invariant under mutation for alternating 
kno匂， Montesinos knots and torus knots since a mutant of an alternating 
knot is組 altematingknot [56J， a mut釦 tof a Montesinos knot is a Mon-
協 inosknot [56}組 da torus knot is unchanged by mutation for the funda-
mental group consideratioDS [49]. 
Let KTr川 bea Kinoshita-Terasaka knot (see [51])， indexed by integer 
Irl > 1組 dη>0飢 dCr，n be the Conway knot， which is obtained from 
KTr川 bymutation. As suggested in [35J， these knots are semi-alternating. 
Tbus we have 9T( KTr，n) = 9T( Cr，n) = 1.
Quω，tion 3. Is the Turaev genω 01α灼otadd'tive under connected sum， 
that is， does the equality 9T(K #K') = 9T(K) + 9T(K') hold? 
A partial result is Corollary 6.13. 
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